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Quantization and interference of a quantum billiard with fourfold rotational symmetry

Zi-Yuan Li and Liang Huang *

School of Physical Science and Technology, and Key Laboratory for Magnetism and Magnetic Materials of MOE, Lanzhou University,
Lanzhou, Gansu 730000, China

(Received 12 January 2020; revised manuscript received 30 April 2020; accepted 11 May 2020;
published 1 June 2020)

Systems with discrete symmetries are highly important in quantum mechanics. We consider a two-dimensional
quantum billiard with fourfold rotational symmetry, where the eigenenergies and eigenstates can be grouped into
four symmetry subspaces. Unlike the threefold rotational symmetry case, here the interference of the scarring
states on the fundamental domain orbits (FDO) is clean, that they either interfere constructively or annihilate
completely. We shall show the complex behavior of the interference revealed in the length spectra for eigenener-
gies that belong to a particular symmetry subspace and combinations of different symmetry subspaces. We then
provide detailed analysis of phase accumulation along the FDOs, which are the keys to determine the interference
and could explain the enhancement or annihilation of the peaks well. The quantization condition for the scarring
states belonging to different symmetry subspaces is discussed and used to reveal the time-reversal symmetry
broken for a particular subspace. An experimental scheme to observe such complex behaviors is also proposed.

DOI: 10.1103/PhysRevE.101.062201

I. INTRODUCTION

Quantum systems with discrete symmetry have been an
interesting subject in recent years. Any point in the system
will be mapped to different images by the operation of the
group representing the symmetry, yielding a series of sym-
metric points. A fundamental domain (FD) is a neighbor-
hood in the original system that contains exactly only one
image for any point in the system. Besides the boundary of
the whole system, there are additional “boundaries” between
adjacent FDs, which are the symmetry lines. Classically, for
such a system the ray dynamics can always be reduced to a
FD by assuming specular reflections at the symmetry lines
[1], where a complete periodic orbit of the original system
reduces to a fundamental domain orbit (FDO) that resides
completely within an FD. The wave functions of the system
can be grouped into different symmetry subspaces according
to the discrete symmetry of the original system, and they will
follow different constrains on the symmetry lines of the FD
depending on which symmetry subspace they belong to.

One intriguing point for the discrete rotational symmetric
billiards is that although the whole system may preserve the
time-reversal (T-) symmetry, a particular symmetry subspace
could violate the T-symmetry and could be revealed in spectral
statistics. In general, the spectral fluctuation properties in
quantum billiards with chaotic classical dynamics can be de-
scribed by the random matrix theory [2–5], for those that keep
T-symmetry and no other symmetries, the spectral statistics
follow the Gaussian orthogonal ensemble (GOE) statistics. If
the T-symmetry is broken, then it will follow Gaussian unitary
ensemble (GUE), where typically an external magnetic field
is needed [6]. The T-symmetry broken and GUE statistics or
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partial T-symmetry broken have been observed in microwave
experiments [7–12]. Other cases that break T-symmetry and
could yield GUE statistics include the massless or massive
Dirac billiards due to the boundary condition [13–18], a subset
of eigenstates that are localized in a particular region in phase
space [19–23], etc.

In 1996, a numerical finding by Leyvraz et al. in a quantum
billiard with threefold rotational symmetry revealed that the
system has the Kramers doublets and one singlet belonging
to different symmetry subspaces, which can show GUE and
GOE statistics, respectively [24]. Microwave billiard exper-
iments simulating such a quantum billiard was investigated
in 2000 by Dembowski et al. [25] using superconducting
microwave cavities, where the doublets can be identified by
small splittings in the spectrum peaks caused by mechanical
imperfections of the cavity and the perturbative influences of
the antennas. The GUE statistics was confirmed by using only
the doublets. A transition from GOE to GUE in a microwave
billiard with threefold rotational symmetry was also observed
in 2002 [26]. A follow-up experiment in 2003 [27] provided
an updated method by modifying the phase difference of the
two input antennas locating on the symmetric points to iden-
tify the symmetry subspace that an eigenstate belongs. The
semiclassical evaluation of the two-point correlation function
was applied to understand the spectral properties of the sym-
metry subspaces, which fully agrees with the predictions of
RMT [28].

In line with the development of the semiclassical theory
of quantum spectral density in terms of the periodic orbits
[29–34], the semiclassical treatment of quantum billiards with
discrete symmetries was also considered [35,36], where the
FDOs play an important role in shaping the spectral fluc-
tuation properties. Particularly, the form of the symmetry-
projected Green’s function was derived by Robbins [35]
in 1989 with weights determined by the characters of the
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symmetry group. It has been proved that if one sums over all
the symmetry-projected Green’s functions, the Gutzwiller’s
trace formula will be recovered. The systems with discrete
symmetry like the Sinai billiard, the stadium billiard, a particle
in a periodic potential and certain crystals with rotational
symmetry were discussed [35]. A group-theoretical analysis
was applied by Seligman and Weidenmüller in 1994 to clarify
the structure of the periodic orbits in the configuration space
of a system with discrete symmetry, and the sum over the
periodic orbits was modified to a sum of contributions over
classes [37]. In 1997, Keating and Robbins [38] semiclas-
sically explained the de-symmetrized spectra properties of
the fold symmetry billiards, where the phase factors in the
reduced trace formula with the example of a quantum billiard
with threefold rotational symmetry was analyzed.

Here in this work, by investigating a quantum billiard with
fourfold rotational symmetry, we shall show vivid examples
of quantization on the FDOs and their complex interference
effects in shaping the spectral fluctuations. After grouping the
eigenstates into different symmetry subspaces, the scarring
states [39–41] are identified, which localize particularly along
the classically unstable periodic orbits [41], in contrast to the
classical counterpart where the probability for a particle to
travel along the unstable periodic orbits is zero due to the
vanishing measure of these orbits in the phase space. Recent
progresses include relativistic quantum scars [14–16,42–45],
scars in the two-dimensional harmonic oscillators induced
by local impurities [46–49], quantum many-body scars that
lead to the weak ergodicity breaking [50–56], etc. Particu-
larly, statistics of scars on the FDOs in the m = 1 symmetry
subspace will be carried out and demonstrated T-symmetry
violation. The constructive or destructive interference either
for forward and backward orbits inside a symmetry subspace
or for mixing different symmetry subspaces will be analyzed
in details for different FDOs. Unlike that in the threefold
rotational symmetry billiard, where the interference can not
be completely enhanced or annihilated (see more details in
the Appendix), here it has perfect enhancement or annihi-
lations, thus in the length spectra, some peaks only appear
in certain symmetry subspaces or certain mixing of different
symmetry subspaces, while some other peaks appear only in
other situations. We shall carry out detailed phase analysis for
the FDOs and give their quantization conditions, with which
the enhancement or complete cancellation can be explained
precisely.

It should be noted that in Ref. [57], Robinett considered
the length spectra of “folded” versions of the standard circular
and square quantum billiards, e.g., half-circle billiard, quarter-
circle billiard, etc., and identified peaks corresponding to
orbits in the “folded” billiards, that not found in the length
spectrum of the full billiard. In his treatment, each folded
billiard is itself a complete billiard, i.e., satisfying the Dirich-
let boundary condition along all the boundaries including the
symmetry lines. Therefore, it is not a symmetry subspace of
the original full billiard and interference between different
symmetry subspaces was not a concern in his study.

In Sec. II we choose a conformal map to obtain the
fourfold rotational symmetry billiard with chaotic dynamics,
and solve the Schrödinegr equation on this domain. We de-
scribe briefly the method that how to obtain the solutions

in different symmetry subspaces and discuss the symmetry
properties for the wave functions. In Sec. III we carry out
extensive numerical investigations on the spectral properties
in different symmetry subspaces, including spectral statistics
and comparison with random matrix theory, length spectra
for each single symmetry subspace and combinations of any
two symmetry subspaces, etc. Furthermore, we will show
detailed analysis of how the different types of orbits are
influenced by the phase constrains, e.g., their quantization
conditions for different symmetry subspaces, and how they
interference constructively or destructively depending on their
phase relations and symmetry subspaces. The analysis ex-
plains the numerical length spectra peaks perfectly. Section IV
shows the scar statistics of the m = 1 symmetry subspace and
demonstrates T-symmetry violation. Possible experimental
schemes are discussed in Sec. V. Generalization to M-fold
rotational symmetry quantum billiard is discussed in Sec. VI.
Conclusions are presented in Sec. VII. As a comparison, the
length spectra for a threefold rotational symmetry quantum
billiard are presented in the Appendix.

II. METHOD

A. The quantum billiard with fourfold rotational symmetry

We consider a quantum billiard, i.e., a particle that moves
freely inside a plane domain D and reflects specularly at the
boundary, described by the Hamiltonian

Ĥ = − h̄2

2m
∇2 + V (r), (1)

where V (r) = 0 inside D and V (r) = ∞ otherwise. This leads
to the eigenproblem

− h̄2

2m
∇2ψ (r) = Eψ (r), (2)

with Dirichlet boundary condition

ψ (r)|∂D = 0, (3)

where E = h̄2k2/(2m), yielding a set of eigenenergies En (or
eigenwave numbers kn) and eigenwave functions ψn(r). The
domain D can be constructed from the unit disk in the z plane
as

w = [z(1 + 0.075z4 + 0.075ei
π
2 z8)] × R, (4)

where R is the scale of the system, and the unit disk is given
by

z = ρ exp(iφ), ρ ∈ [0, 1] and φ ∈ [0, 2π ].

The domain described by Eq. (4) has fourfold rotational
symmetry, e.g., see Fig. 1(a).

The position r in the w plane can be expressed as [x, y] =
[�(w),�(w)], or r = [|w|, arg(z)] = (r, θ ) in polar coordi-
nates, where r and θ are functions of (ρ, φ). The boundary
of the billiard is given by Eq. (4) when ρ = 1. Note that the
system defined in this way has a smooth boundary with the
desired symmetry. Furthermore, it allows the conformal map-
ping method to solve the Helmhotz equation in this domain,
by transforming back to the unit disk, as detailed in the next
subsection.
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FIG. 1. (a) A sketch of the two-dimensional billiard region D
given by Eq. (4). The fourfold rotational symmetry is apparent. The
region bordered by the x and y axis forms a FD of the system. (b) The
Poincaré section of the classical ray dynamics with 500 000 collision
points. β ∈ (0, π ) is the angle between the outgoing trajectory and
the tangential direction of the boundary at the colliding point, s is the
arc length along the boundary starting from the positive x axis and
indicates the position of colliding point.

The classical ray dynamics of the billiard with such a
boundary is chaotic, as evidenced by the Poincaré section in
Fig. 1(b). In addition, the Lyapunov exponent of the ray dy-
namics has also been calculated and confirmed to be positive.

For this fourfold rotational symmetric quantum billiard, the
Hamiltonian is invariant under the π

2 rotation operation R,
i.e., [R, Ĥ ] = 0, the eigenfunctions of Ĥ can be chosen as
eigenfunctions of R, i.e.,

ψ (m)
n

(
r, θ + π

2

)
= Rψ (m)

n (r, θ )

= exp
(

im
π

2

)
ψ (m)

n (r, θ ), (5)

where m = 0, 1, 2, 3. Thus, these eigenfunctions and their
corresponding eigenenergies E (m)

n can be grouped into four
classes, as will be denoted by the superscript m. In addition,
assume that ψ (m) is an eigenfunction of R that Rψ (m) =
exp(im π

2 )ψ (m), then when mi �= mj ,

〈ψ (mi )|RĤ − ĤR|ψ (mj )〉
=

[
exp

(
imi

π

2

)
− exp

(
im j

π

2

)]
〈ψ (mi )|Ĥ |ψ (mj )〉 = 0.

This indicates that 〈ψ (mi )|Ĥ |ψ (mj )〉 = 0, and the Hamilto-
nian can be reduced into four independent blocks, i.e., Ĥ =
diag[Ĥ (0), Ĥ (1), Ĥ (2), Ĥ (3)]. Thus, ψ (m)

n and E (m)
n are actually

eigenstates and eigenenergies of Ĥ (m).
The system also holds the time-reversal symmetry T ,

which can be represented as the conjugate operator K.
We have T |ψ (0)

n 〉 = |ψ (0)
n 〉, T |ψ (2)

n 〉 = |ψ (2)
n 〉, and T |ψ (1)

n 〉 =
|ψ (3)

n 〉. Thus, E (1)
n and E (3)

n form Kramers doublets, while E (0)
n

and E (2)
n are singlets.

B. Conformal mapping method to solve the system

To solve the eigenequation Eq. (2) with the Dirichlet
boundary condition Eq. (3) on the chaotic domain D, we
employ the conformal mapping method [6,58–60], and
transform the problem to a modified equation with also
the Dirichlet boundary condition but on the unit disk in

the z = (ρ, φ) plane. Furthermore, the functions satisfying
the Dirichlet boundary condition on the unit disk form a
Hilbert space, and one particular orthonormal basis is given
by the eigensolutions of the Helmholtz equation on the
unit disk, i.e., {ψ l,q(ρ, φ) = Nl,q exp(ilφ)Jl (μl,qρ), l =
. . . ,−1, 0, 1, . . . ; q = 1, 2, 3, . . . }, as guaranteed by
the Sturm-Liouville eigenvalue problems, where Nl,q =
[2π

∫ 1
0 dρρJ2

l (μl,qρ)]−1/2 is the normalization constant,
Jl (μl,qρ) is the Bessel function, and μl,q is the qth zero of Jl .

With the function w(z) being analytic, ∇2
w =

∇2
z /|dw/dz|2, and ψ (r) = ψ[w(z)] = ψ (z), Eq. (2) becomes

− h̄2

2m

1

|dw/dz|2 ∇2
z ψ (z) = Eψ (z). (6)

ψ (z) can be expanded on the basis of {ψ l,q},
ψ (ρ, φ) =

∑
l,q

cl,qψ l,q(ρ, φ). (7)

Once the coefficients cl,q are determined, the eigenfunction of
the original billiard D is obtained. In principle, the summa-
tion is over an infinite number of terms, but practically, the
basis needs to be truncated to make the problem numerically
solvable, and we choose the first 40 000 eigensolutions in the
increasing order of μl,q. Substituting the expansion Eq. (7)
back to Eq. (6), and using the orthogonal relation of the basis,
one gets

νl,q

k2
−

∑
l ′,q′

Ml,q,l ′,q′νl ′,q′ = 0, (8)

where k2 = 2mE2/h̄2, νl,q = μl,qcl,q and

Ml,q;l ′,q′ = Nl ′,q′Nl,q

μl ′,q′μl,q

∫ 2π

0
dφ exp[i(l ′ − l )φ]

×
∫ 1

0
dρρT (ρ, φ)Jl (μl,qρ)Jl ′ (μl ′,q′ρ), (9)

where T (ρ, φ) = |dw/dz|2. Once the matrix elements
{Ml,q;l ′,q′ } are obtained, one can solve the eigenproblem Mν =
λν with a set of eigenvalues and eigenvectors {λn, ν

n, n =
1, 2, . . . }. Then the expanding coefficients in Eq. (7) are
given by cn

l,q = νn
l,q/μl,q, thus ψn(ρ, φ) = ∑

l,q νn
l,qψ l,q/μl,q.

The eigenwave number is given by kn = 1/
√

λnR, or En =
h̄2/2mλnR2. This yields the eigenenergies En and eigenwave
functions ψn(r) of the original billiard [Eqs. (2) and (3)].

Furthermore, since the system has the fourfold rotational
symmetry and the basis function ψ l,q can also be grouped into
four classes based on the values of l , the above solving proce-
dure can be grouped by summing l selectively depending on
m in the expansion Eq. (7):

ψ (m) =
∑
lm,q

clm,qψ lm,q, (10)

where lm = 4p + m, p = 0,±1,±2 . . . . The resulting
eigenwave function ψ (m)

n will then belong to the same class of
m with eigenenergy E (m)

n . It is clear that the eigenwave func-
tion ψ (m)

n and eigenenergy E (m)
n of the Hamiltonian Eq. (1) in

class m defined by Eq. (5) can be regarded as eigensolutions
of Eqs. (2) and (3) on the FD of the system, i.e., for any θ0,
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FIG. 2. Typical examples of wave functions revealing the
corresponding symmetry. (a–d) The third eigenfunction in
Ĥ (0), Ĥ (1), Ĥ (2), and Ĥ (3), respectively. (b1, b2) and (d1, d2) are the
real and imaginary parts of the third eigenfunction of Ĥ (1) and Ĥ (3),
respectively.

the region defined by θ ∈ [θ0, θ0 + π/2] in D, with additional
“boundary conditions” along θ0 and θ0 + π/2 following the
same constraint Eq. (5):

ψ (m)
n

(
r, θ0 + π

2

)
= Rψ (m)

n (r, θ0)

= exp
(

im
π

2

)
ψ (m)

n (r, θ0). (11)

In return, the wave function in this subdomain can be used to
generate the wave function for the whole billiard domain D
by applying R repeatedly to get the wave functions on the
regions [θ0 + π/2, θ0 + π ], [θ0 + π, θ0 + 3π/2], and [θ0 +
3π/2, θ0 + 2π ] and then gluing them together.

Figure 2 shows representative wave functions belonging
to different symmetry subspaces. According to Eq. (5), for
m = 0, after rotating π/2, the wave function returns to itself,
as exemplified in Fig. 2(a). For m = 1, ψ (m)

n (r, θ + π
2 ) =

iψ (m)
n (r, θ ), thus after rotating π/2 the real part becomes the

imaginary part, and the imaginary part becomes negative of
the real part, which is clear in Fig. 2(b). For m = 2, after
rotating π/2, ψ (m)

n (r, θ + π
2 ) = −ψ (m)

n (r, θ ), thus maximum
becomes minimum, and vice versa, as shown in Fig. 2(c).
For m = 3, ψ (m)

n (r, θ + π
2 ) = −iψ (m)

n (r, θ ), i.e., the real part
becomes negative of the imaginary part, while the imaginary
part becomes the real part, as demonstrated in Fig. 2(d).

Figure 3 shows the spectra statistics. To remove the nonuni-
form effect of the density of energy levels in the spacing
statistics, for a given set of energy levels, e.g., those for a
particular symmetry subspace, or a mixing of two symmetry
subspaces, the number of levels N (E ) below E and its smooth
part 〈N (E )〉 are obtained. For each eigenenergy En, define
xn ≡ 〈N (En)〉, the unfolded nearest-neighbor spacing is then
Sn = xn+1 − xn. The such obtained distribution P(S) of Sn

yields
∫

P(S)SdS = 1 automatically, i.e., Sn is normalized
with average value of 1 irrespective to system details. Typ-
ically, for two-dimensional quantum billiards with Dirichlet
boundary condition, the smooth part 〈N (E )〉 can be given by
the Weyl formula,

〈N (E )〉 = mAE

2π h̄2 − L

2π

√
2mE

h̄2 ,

where A is the area and L is the perimeter of the billiard.
While for more complex situations, the second term could
be modified. Therefore, for the symmetry subspace, as the
boundary condition on the symmetry line is neither Dirichlet
or Neumann, we use a smooth fitting to N (E ) to get 〈N (E )〉,
which is close to the Weyl formula. Figure 3(a) is the level
spacing statistics for all the levels. Note that due to degeneracy
of E (1)

n and E (3)
n , only E (1)

n s are included. Figures 3(b)–3(d)
show the level spacing statistics for E (0)

n , E (1)
n , and E (2)

n , re-
spectively. According to the Bohigas-Giannoni-Schmit (BGS)
conjecture [2], due to the classically chaotic dynamics, the

FIG. 3. (a–d) The nearest-neighbor spacing distribution P(S) (solid staircase curves) for all the energy levels (a) and for symmetry
subspaces Ĥ (0) (b), Ĥ (1) (c), and Ĥ (2) (d), respectively. (e–h) The corresponding Dyson-Metha �3 statistics. The dotted, dash-dotted, and
dashed lines are the theoretical curves for Poisson, GOE and GUE distributions. Circles in (a) and (e) are random matrix results with two GOE
ensembles and one GUE ensemble.
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1.4 1.6 1.8 2 2.2 2.4 2.6
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FIG. 4. From top to bottom, the length spectra for energy levels
belongs to Ĥ (0), Ĥ (1), and Ĥ (2), and mixing of symmetry subspaces
Ĥ (0,1), Ĥ (1,2), and Ĥ (0,2), and the one for the whole system. The labels
from (1) to (8) correspond to the different types of orbits shown in
Fig. 5. The same set of energy levels as in Fig. 3 are used here, and
the corresponding wave vector |k| is up to 241.3/R.

level spacing statistics are GOE, GUE, and GOE, respectively,
for these three subspaces. The GUE statistics for the E (1)

n s are
due to the Kramers degeneracy, that when considering only
a single subspace, it breaks the time-reversal symmetry [24].
Note that in Fig. 3(a) the random matrix simulation results
with two GOE ensemble and one GUE ensemble are also
presented as the circles, which agree with the results of the
system well. �3(L) for these cases are shown in Figs. 3(e)–
3(h), and the results agree with the P(S) well.

III. LENGTH SPECTRA ANALYSIS

A convenient tool to reveal the signatures of classical peri-
odic orbits is the length spectrum [61–63]. Once the eigenen-
ergies are obtained, the fluctuation part of the density of states
ρ (m)

osc (k) for each symmetry subspace m can be extracted, and
the length spectra ρ (m)

osc (l ) can be obtained from ρ (m)
osc (k) by a

Fourier transform,

ρ (m)
osc (l ) =

∫
k

dkρ (m)
osc (k) exp(ikl ). (12)

Figure 4 shows the length spectra from energy levels
belongs to different symmetry subspaces and their combina-
tions. Since our focus is the FDOs, the range of the length
is chosen only in a window containing the most dominating
FDOs. The peaks in this figure all correspond to the orbits
within a FD, as shown in Fig. 5. Note that the length spectra
peaks for different symmetry subspaces are quite different.
For example, the peaks (1–3) are presented in ρ (m)

osc (l ) for
Ĥ (0) and Ĥ (2), but disappeared for Ĥ (1). The behaviors are
even more complicated when combining energy levels from
two different symmetry subspaces. For example, when mixing
Ĥ (0) and Ĥ (1), or Ĥ (2) and Ĥ (1), the peaks (4–6) and (8) are
annihilated completely; but when mixing Ĥ (0) and Ĥ (2), the

A(1)

B

(a)

A(2)

B

(b) (c)
(3)

A

B

A
B

C

(4)
(6)

(5)

(d)

(7)

(e)

A
B

(8)

(f)

FIG. 5. The FDOs that are revealed by the peaks of Fig. 4. The
neighboring dotted lines enclose the FD, i.e., a quarter of the full
billiard. (a, b, c) The FDOs (1), (2), and (3), i.e., one-fourth of a
square. (d) The FDOs (4, 5, 6) of bouncing ball orbits that form
a cross as rotating π/2 will be also a solution of the system. (e)
The bouncing ball orbit (7) that resides completely inside a FD. (f)
The FDO (8) of a parallelogram orbit. We denote l as the length of
FDOs and L as the length of the complete orbits. T is the number of
reflections at the actual boundary of the full billiard of the complete
orbits. Then for these orbits: (1) T = 4, L = 5.5R, and l = L/4; (2)
T = 4, L = 5.815R, and l = L/4; (3) T = 4, L = 6.405R, and l =
L/4; (4) T = 2, L = 3.895R, and l = L/2; (5) T = 2, L = 4.113R,

and l = L/2; (6) T = 2, L = 4.529R, and l = L/2; (7) T = 2, L =
2.528R, and l = L; (8) T = 4, L = 5.269R, and l = L/2.

peaks (4–6) and (8) are enhanced, while the peaks (1–3) are
annihilated. When combining all the energy levels together, all
the peaks are annihilated in the length spectra plot, except that
marked by (7), which is an orbit in the FD, but also a complete
orbit of the original billiard without intersecting the symmetry
lines defining the FD. Note that the symmetry line θ = θ0 of
the FD can be chosen arbitrarily for analyzing different orbits.

To examine the eigenstates for different symmetry sub-
spaces, scarring patterns on classical orbits are identified and
analyzed. To explain the features observed in the length spec-
tra, we examine the quantization condition of the states along
the FDOs, particularly by analyzing the phase accumulations
along these FDOs. It should be noted that the appearance
of the periodic orbits in the length spectra does not depend
on the existence of strongly scarred states. In particular, the
width of the scars goes to zero in the semiclassical limit
[41,64,65], whereas the height of the peaks for the isolated
unstable periodic orbits are constant (independent of k) in the
trace formula. However, the recurrence of the scars following
the quantization condition of the action exerts a periodic
modulation of the density of states, resulting in the peaks in
the length spectra.

A. Square orbits

For state ψ
(m)
j of a particular symmetry subspace m, the

quantization rule can be summarized as follows. Let us con-
sider a type of square orbits shown in Figs. 5(a)–5(c). The
FDO contains one-fourth of the complete orbit, with two ends
marked by A and B that w(B) = iw(A) or θ (B) = θ (A) +
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π/2. The boundary condition for the two straight symmetry
lines due to the discrete rotational symmetry are given by

ψ
(m)
j

∣∣
B = exp(imπ/2)ψ (m)

j

∣∣
A (13)

or

ψ
(m)
j

∣∣
A = exp(−imπ/2)ψ (m)

j

∣∣
B. (14)

However, in the semiclassical scheme, the accumulated phase
for a particle traveling from A to B along the FDO is given by

ψ
(m)
j

∣∣
B = exp

[
i

(
kl + N

π

2

)]
ψ

(m)
j

∣∣
A, (15)

where k is the wave number, l is the length of the FDO, N = 1
is the number of reflections at the actual boundary of the full
billiard for the FDO, and π/2 is the contribution of each
reflection including the effects of the reflection coefficient
(−π ) and the conjugate point (−π/2). Note that in general the
effects of the reflection coefficients and the conjugate points
are separate, but for the shape of the billiard, there will be a
conjugate point after each reflection at the boundary of the full
billiard, therefore they always show up together, and it would
be convenient to write them together as −3π/2 = π/2 mod
2π . Considering that the particle travels from A to B along the
FDO and then teleports back to A via the boundary condition
(14), the new wave function at A is given by

ψ̃
(m)
j

∣∣
A = exp(−imπ/2) exp

[
i
(

kl + N
π

2

)]
ψ

(m)
j

∣∣
A

= exp(i�+)ψ (m)
j

∣∣
A, (16)

with

�+ = −mπ/2 +
(

kl + N
π

2

)
. (17)

The quantization condition for a scar to possibly appear is that
such obtained wave function at A must equal to its original
value, ψ̃

(m)
j |

A
= ψ

(m)
j |

A
, or the phase �+ must be an integer

multiple of 2π : �+ = 2nπ .
If the particle travels along the FDO reversely from B to A

and then back to B via the boundary condition Eq. (13), then
one has

ψ̃
(m)
j

∣∣
B = exp(imπ/2) · exp

(
i
(

kl + N
π

2

))
ψ

(m)
j

∣∣
B

= exp(i�−)ψ (m)
j

∣∣
B, (18)

thus

�− = mπ/2 +
(

kl + N
π

2

)
, (19)

And the quantization condition for scars to appear is �− =
2n′π .

Denote A±(l ) as the contribution to the length spectra from
states along the FDO A − B − A (denoted by “+”) and its
reversed counterpart B − A − B (denoted by “−”) of orbital
length l . Then we have

A+(l ) = ei��A−(l ), (20)

where �� = �+ − �− is the difference of the phase accumu-
lation of the particle cycling the complete orbit between “+”

and “−” orientations. For the FDOs shown in Figs. 5(a)–5(c)
and Eqs. (17) and (19), one has

�� = −mπ.

Note that when calculating ��, �+, and �− do not need to
meet the quantization condition that they are integer multiples
of 2π . The height of the peak in the length spectrum at length
l is

ρosc(l )2 ∼ |A+(l ) + A−(l )|2 = |1 + ei��|2|A−(l )|2. (21)

Alternatively, ρ (m)
osc (k) can be obtained semiclassically from

the symmetry projected trace formula [35,36,38], from which
the relative phase of forward and backward orbits can be
obtained similarly.

For a particular symmetry subspace m, when m = 1 or
3, �� = −π or −3π , then the contributions of the two
orientations cancel each other and ρosc(l )2 = 0. Note that this
indicates the two orientations cannot fulfill the quantization
conditions simultaneously for the same k (energy), which
breaks the time-reversal symmetry, leading to GUE spectral
statistics. While for m = 0 or 2, �� = 0 mod 2π , ρosc(l )2

has the maximum value. This is clear in Fig. 4 from the peaks
indicated by (1–3), as there are peaks for m = 0 and 2, but
ρosc(l )2 is completely flat for m = 1.

When combining two symmetry subspaces together, for
Ĥ (0) and Ĥ (1), the peaks (1–3) are the same as that for Ĥ (0);
and for Ĥ (2) and Ĥ (1), these peaks are the same as that for
Ĥ (2), as expected. But when combining Ĥ (0) and Ĥ (2), to
our surprise, these three peaks are disappeared. Heuristically,
ρosc(l )2 has contributions from four parts in terms of ei�±(m),
neglecting the common part of the phases in Eqs. (17) and
(19), we have

ρosc(l )2 ∼ |A+
(m=0) + A−

(m=0) + A+
(m=2) + A−

(m=2)|2

∼ |1 + 1 + e−iπ + eiπ |2 = 0.

Furthermore, since there are no peaks for Ĥ (1) and Ĥ (3), and
the peaks for Ĥ (0) and Ĥ (2) cancel each other, when combining
all the energy levels together, all of the three peaks should
disappear, which is indeed the case as shown in the bottom
curve of Fig. 4. Actually, all the peaks for the FDOs that under
the constraint of Eq. (13) disappear.

B. Cross orbits

For the cross type of orbits, i.e., the orbits (4–6) shown
in Fig. 5(d), they are bouncing ball orbits passing the center
of the billiard, and unlike orbits (1–3), their time-reversed
orbits are identical to themselves. To analyze the phase, we
mark three points on the orbit, A, C, and B as indicated
in Fig. 5(d), where C is the reflecting point on the billiard
boundary, and the two points A and B are infinitesimally close
to each other but on the two sides of the center. Therefore from
B to A the rotational angle is π , and the boundary condition
yields

ψ
(m)
j

∣∣
A = exp(−imπ )ψ (m)

j

∣∣
B. (22)

Depending on whether rotating counterclockwise or clock-
wise, the phase can be −mπ or mπ , which are equivalent in
the analysis. Taking account of the phase accumulation along
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the orbit from A to C to B, and since there is only one reflection
point, one has

ψ̃
(m)
j

∣∣
A

= exp(−imπ ) · exp
(

i
(

kl + π

2

))
ψ

(m)
j

∣∣
A

= exp(i�+)ψ (m)
j

∣∣
A, (23)

thus

� = −mπ +
(

kl + π

2

)
. (24)

Since the time-reversed orbits are identical to themselves,
there will be no destructive interference between the forward
and backward orbits for a given symmetry subspace m. Thus,
all the symmetry subspaces show these peaks in the length
spectrum, i.e.,

ρosc(l )2 ∼ |A(l )|2. (25)

When combining two symmetry subspaces together, e.g.,
for m = 0 and m = 1, from Eq. (24), and neglecting the
common part, we have

ρosc(l )2 ∼ |A(m=0) + A(m=1)|2

∼ |1 + e−iπ |2 = 0.

Thus, these peaks in the length spectra disappear. Similar
situations occur for m = 1 and m = 2, where these peaks also
disappear.

For m = 0 and m = 2, one has

ρosc(l )2 ∼ |1 + e−i2π |2|A±(l )|2

= 4|A±(l )|2.
Thus, the height of the peak is about four times higher than
the peaks for a single symmetry subspace. The above analysis
explains the relative heights of the peaks in Fig. 4 for (4–6)
orbits in the mixing cases well.

C. The bouncing ball orbit within a FD

Orbit (7) is a bouncing ball orbit that resides completely
inside a FD without intersections with the symmetry lines,
as shown in Fig. 5(e). Thus, the rotational symmetry does
not impose any constraint on this orbit, and the total phase
accumulation after a complete cycle around the orbit is

�+ = �− = kl + 2
π

2
. (26)

Thus, the peak at the length l of this orbit appear in any
symmetry subspace, and also any combination of two sym-
metry subspaces, with the height of 4 times as that for
one symmetry subspace. The peak for this orbit also show
in the length spectra for combining all the symmetry sub-
spaces, with the height of 16 times as that for one symmetry
subspace.

D. Parallelogram orbit

For the parallelogram orbit shown in Fig. 5(f), a com-
plete orbit in the FD can be A − A′ − B′ − B − A with its
reversed counterpart B − B′ − A′ − A − B. The propagation

of the wave function yields

ψ̃
(m)
j

∣∣
A = exp

[
im

(
−π

2

)]
exp

[
i
(

klB′B + π

2

)]
× exp

[
im

(
−π

2

)]
× exp

[
i
(

klAA′ + π

2

)]
ψ

(m)
j

∣∣
A, (27)

where lAA′ and lB′B are the length of the orbit from A to A′
and from B′ to B. The total length of the FDO is thus l =
lAA′ + lB′B. Thus, the accumulated phase is

�+ = −mπ + kl + π. (28)

For the reversed orientation, one has

ψ̃
(m)
j

∣∣
B = exp

[
im

(π

2

)]
exp

[
i
(

klA′A + π

2

)]
exp

[
im

(π

2

)]
× exp

[
i
(

klBB′ + π

2

)]
ψ

(m)
j

∣∣
B, (29)

with

�− = mπ + kl + π (30)

and

�� = −2mπ. (31)

Comparing with Eq. (24) for the cross orbits, they share simi-
lar dependence on m, thus the peaks for a symmetry subspace
or for two symmetry subspaces share similar features as that
for the cross orbits (4–6), i.e., the peaks appear for each
symmetry subspace, cancels completely for the combinations
of Ĥ (0) and Ĥ (1), and Ĥ (1) and Ĥ (2), but four times higher for
Ĥ (0) and Ĥ (2).

IV. SCARS’ STATISTICS

We have checked the obtained eigenstates for each symme-
try subspace and identified the scarring states along various
FDOs. In general, scars will appear repeatedly following the
quantization condition. For example, suppose a scar is identi-
fied when k = k0 in Eq. (17) or Eq. (19), such that �±

0 = 2nπ .
Then as k is varied, when the difference in the wave number
k, �k = k − k0, satisfies �±

0 + �kl = 2n′π , where l is the
length of the FDO and n′ is another integer, the scar could
appear again. Note that a scar does not always appear when the
quantization condition is satisfied. Therefore, after we identify
a set of scars with wave numbers {kn, n = 1, 2, . . . } on a FDO
with length l , we can choose a particular one and set its wave
number as the reference point k0, then calculate

ηn = |kn − k0|
δk

−
[ |kn − k0|

δk

]
, (32)

where δk = 2π/l , and [x] returns the maximum integer less or
equal to x. This has been previously proposed in Ref. [14]. For
systems with time-reversal symmetry, the scarring states with
different orientations on the orbit will satisfy the quantization
condition simultaneously, or mod(��, 2π ) = 0. In this case,
ηn will take values either close to 0 or close to 1. However,
when mod(��, 2π ) �= 0, if �+ is an integer multiple of 2π

and satisfies the quantization condition, then �− will not [15].
This breaks the time-reversal symmetry as if one orientation
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FIG. 6. (a) ηn of scarring states on the square orbit for the
symmetry subspace m = 0, inset shows an example of the scar which
is the 442nd eigenstate in this symmetry subspace. (b) ηn for the
symmetry subspace m = 1, where left triangles indicate counter-
clockwise current flow and the right triangles are for the opposite
orientation. The reference state has a counterclockwise current flow.

is a solution of the system, then the opposite orientation will
be not. In particular, if mod(��, 2π ) = π , then besides 0
and 1, ηn can also take a value around 0.5. For the four
types of orbits that we have analyzed in Sec. III, only the
square orbit with m = 1 or m = 3 breaks the time-reversal
symmetry. Since eigenenergies for Ĥ (1) and Ĥ (3) are degen-
erated, we will only focus on Ĥ (1) and also consider Ĥ (0)

as a comparison. To identify the orientation of the scarring
states, we have also calculated the local probability flow
j(r) = 1

2m [ψ (m)∗(r)P̂ψ (m)(r) − ψ (m)(r)P̂ψ (m)∗(r)].
Figure 6 shows the results. For each case, we have identi-

fied around 40 scarring states. It is clear that for m = 0, ηn is
either close to 0 or close to 1, but for m = 1, ηn takes an extra
value of 0.5. In addition, for m = 1, the local probability flow
of the states is not zero, thus the symbols are distinguished
by the flow orientation. As expected, the scarring states with
one orientation pertain ηn values of 0 or 1, while for the other
orientation ηn ≈ 0.5, indicating a π phase difference.

V. POSSIBLE EXPERIMENTAL SCHEMES

The above results of interference of the eigenstates on the
FDOs either within a single symmetry subspace or between
different symmetry subspaces can be revealed experimentally
by using a superconducting microwave billiard with the same
boundary. In microwave billiard experiments, the resonant
frequency corresponds to the energy levels of the quantum
billiard with the same shape, and the vertical component of
the electric field corresponds to the wave function. To do
statistics for each symmetry subspace, the eigenfrequencies
(eigenenergies) need to be distinguished for different sym-
metry subspaces. For the ideal fourfold rotational symme-
try system, the symmetry subspaces m = 1 and m = 3 are
degenerated, resulting in Kramers doublets. But due to the
imperfections in manufacturing the microwave billiard, the
degeneracy are typically destroyed, leading to tiny splitting
peaks. Since typically neighboring levels that are very close
to each other are vary rare due to the level repulsion caused
by the chaotic classical dynamics, the doublets (peaks with
tiny splittings) can be identified from the other isolated peaks.
Thus, the peaks form doublets (m = 1 and m = 3) and singlets
(m = 0 and m = 2). For the m = 0 and m = 2 singlets, they

can be distinguished by following a similar method proposed
in Ref. [27] for the threefold symmetry billiard. In particular,
one can set two input antennas with their positions A and
B such that w(B) = iw(A), i.e., rotating A counterclockwise
with respect to the center of the billiard by π/2 will get to
B. For m = 0, ψ (m)|B = ψ (m)|A, while for m = 2, ψ (m)|B =
−ψ (m)|A. By applying a phase shifter on the input of B, and
vary the phase from 0 to π , if a peak belongs to m = 0
symmetry subspace, then the peak will change from maxi-
mum to minimum, while if the peak belongs to m = 2, it
will change from minimum to maximum. In this way all the
eigenfrequencies can be classified into the different symmetry
subspaces, leading to further analysis of interference behavior
as revealed in the length spectra plots.

VI. GENERALIZATION TO M-FOLD ROTATIONAL
SYMMETRY SYSTEMS

For a system with M-fold rotational symmetry (CM) with
M > 4, it is much more complex than a simple generalization
of the treatment for the M = 4 case, it will depend on the
prime factorization of M. For example, if M = p1 × p2 × . . . ,
then the system also has pi-fold rotational symmetry. In
particular, for classical periodic orbits of the ray dynamics
that only has the Cpi symmetry but not the CM symmetry, the
results for pi-fold rotational symmetry will be applicable for
the length spectra peaks of this set of FDOs.

Now assume that M is a prime number or we only consider
the CM orbits, then the wave function satisfies

Rψ (m) = eim 2π
M ψ (m),

where m = 0, 1, 2, . . . , M − 1 is the index for the symmetry
subspace. Let us consider the length spectrum of the eigenen-
ergies belonging to the subspace m. Consider a periodic orbit
that has the CM symmetry, and assume that the orbit circulates
the center of the billiard q times, then for each symmetry
subspace m, following similar analysis as in the text, one has
�� = �+ − �− = −2qm · 2π/M. Thus, the height of the
peak in the length spectrum at the corresponding length l is
given by

ρosc(l )2 ∼ |A+(l ) + A−(l )|2
= |1 + e−i2qm2π/M |2|A−(l )|2, (33)

and whether the interference is constructive or destructive will
depend on 4qm/M. If 4qm/M = 1 mod 2, then it is completely
destructive, and the corresponding peak will not show up in
this length spectrum. However, if 4qm/M = 0 mod 2, then
a complete constructive interference will happen, resulting
in a big peak. For all other values, partial constructive or
destructive interference could be expected.

For mixing of two symmetry subspaces m1 and m2, we have

ρosc(l )2 ∼ ∣∣A+
(m1 ) + A−

(m1 ) + A+
(m2 ) + A−

(m2 )

∣∣2

∼ |e−iqm12π/M + eiqm12π/M

+ e−iqm22π/M + eiqm22π/M |2|A±(l )|2
= 4[cos(2qm1π/M ) + cos(2qm2π/M )]2|A±(l )|2.

Thus, if M is large, then for a given orbit with CM symmetry
and a particular value of q, the dependence of ρosc on the
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values of m1 and m2 can be quite complicated. For mixing
of b symmetry subspaces, the height of the peak for the FDOs
is given by

ρosc(l )2 ∼
∣∣∣∣∣∣

b∑
j=1

(
A+

(mj )
+ A−

(mj )

)∣∣∣∣∣∣
2

∼
∣∣∣∣∣∣

b∑
j=1

(e−iqmj 2π/M + eiqmj 2π/M )|2|A±(l )

∣∣∣∣∣∣
2

= 4

⎡
⎣ b∑

j=1

cos(2qmjπ/M )

⎤
⎦

2

|A±(l )|2.

The interference among different symmetry subspaces can be
completely different for different sets of mjs.

From these discussions, it is clear that when M = 4, for
any integer q > 0 and mj , cos(2qmjπ/M ) is either zero or
±1, thus complete constructive or destructive interference has
been observed. If M takes other values, especially for M = 3
(see the Appendix), except when mj = 0, 2qmjπ/M = 2π/3,

or 4π/3 modulo 2π , thus only partial interference can be
expected.

For systems with additional mirror symmetry, there would
appear periodic orbits that also have the same mirror symme-
try, or if not, there would accompany another set of periodic
orbits that is mirror symmetric to this one. The analysis of
constructive or destructive interference would be similar as to
that without mirror symmetries.

VII. CONCLUSIONS

To conclude, we have investigated a quantum billiard with
fourfold rotational symmetry, whose classical dynamics are
chaotic. The Hamiltonian can be reduced into four indepen-
dent blocks with rotational quantum number m = 0, 1, 2, 3.
Alternatively, the system can be regarded as a quantum
billiard on the FD (θ ∈ [θ0, θ0 + π/2]) of the original bil-
liard region, with further constrains of the wave function
on the symmetry lines θ0 and (θ0 + π/2): ψ (m)(θ0 + π/2) =
exp(imπ/2)ψ (m)(θ0). The eigenvalues of the m = 1 and m =
3 symmetry subspaces degenerate, and the corresponding
eigenwave functions are complex conjugates for each other.
Depending on the types of FDOs, the states along these orbits
can interference constructively or destructively, leading to
either enhancement or cancellation of the peaks in the length
spectra plot. The advantage of the fourfold rotational sym-
metry quantum billiard over that of the threefold case is that
here, when combining energy levels from different symmetry
subgroups, for some peaks, they may cancel completely. We
have carried out extensive numerical calculations to yield
a large number of eigenenergies and eigenstates with high
precision. The length spectra indeed show complex behaviors
in terms of interference. We have also carried out detailed
analysis of the phase accumulation for both forward and
backward orientations on the FDOs, and obtained explicit
expressions of the phase difference, which is the key to deter-
mine the interference. The analysis explains the appearance
and disappearance of the peaks in the length spectra perfectly.

The constructive or destructive interference that we have
analyzed in this work could be observed experimentally using
superconducting microwave billiards, where eigenfrequencies
(eigenenergies) belonging to different symmetry subspaces
can be distinguished by splitting doublets and different re-
sponses to the phase perturbations. Therefore, the length
spectra analysis using only the energy levels belonging to
one symmetry subspace becomes meaningful and may render
possible applications due to the discrete symmetries.
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APPENDIX: RESULTS FOR A THREEFOLD ROTATIONAL
SYMMETRY QUANTUM BILLIARD

For the threefold rotational symmetry billiard, we construct
with the following equation:

w = [z(1 + 0.1 × z3 + i × 0.1 × z6)] × R, (A1)

where

z = ρ exp(iφ), ρ ∈ [0, 1] and φ ∈ [0, 2π ].

Such a region keeps the threefold rotational symmetry but
no mirror symmetry, and the classical dynamics have been
confirmed to be chaotic. Level statistics for different sym-
metry subspaces are also checked, which is GOE for m = 0
and GUE for m = 1 (or m = −1 as these two subspaces have
degenerate eigenenergies), consistent with previous results
[24–28].

As shown in Fig. 7, the shortest FDOs in this billiard are the
one third of those regular triangles. The length spectra peaks
of the FDOs are partially canceled. The relative height of the
peaks can be understood as follows.

Similar to the square orbits of the fourfold rotational
symmetry case discussed in Sec. III A of the main text, e.g.,
Eqs. (17)–(22), we have for the forward direction (“+,” A −
B − A) FDOs shown in Fig. 7:

ψ̃
(m)
j

∣∣
A = exp(−im2π/3) exp

[
i
(

kl + π

2

)]
ψ

(m)
j

∣∣
A

= exp(i�+)ψ (m)
j

∣∣
A, (A2)

with

�+ = −m2π/3 +
(

kl + π

2

)
. (A3)

For backward direction (“−,” B − A − B), we have

ψ̃
(m)
j

∣∣
B = exp(im2π/3) exp

[
i
(

kl + π

2

)]
ψ

(m)
j

∣∣
B

= exp(i�−)ψ (m)
j

∣∣
B, (A4)

thus

�− = m2π/3 +
(

kl + π

2

)
. (A5)
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FIG. 7. From top to bottom, the four curves are the length spectra
for energy levels belonging to the symmetry subspace m = 0, m = 1,
the mixture of the two symmetry subspaces m = 0 and m = 1, and
the mixture of all the three symmetry subspaces. The whole length
L of the regular triangular orbit corresponding to peak (1) is 5.393R
and the FDO’s length is l = L/3. Similarly, the whole length of the
orbit corresponding to peak (2) is 6.113R and the FDO’s length is
l = L/3.

Denote A±(l ) as the contribution to the length spectra from
states with forward and backward orientation, then we have

A+(l ) = ei��A−(l ), (A6)

where �� = �+ − �− = −m4π/3.
The height of the peak in the length spectrum at length l is

ρosc(l )2 ∼ |A+(l ) + A−(l )|2
= |1 + e−im4π/3|2|A−(l )|2. (A7)

For the symmetry subspace m = 0, one has

ρosc(l )2 ∼ 4|A−(l )|2, (A8)

thus the two orientations interfere constructively. For the
symmetry subspace m = 1, one has

ρosc(l )2 ∼ |1 + e−i4π/3|2|A−(l )|2
= |eiπ/3|2|A−(l )|2 = |A−(l )|2, (A9)

the interference between the two orientation is partially de-
structive, resulting in a height that is the same when only one
orientation is present. Thus, the height of the peaks for the
symmetry subspace m = 0 is four times as that for m = 1,
which can be seen from Fig. 7.

When combining the two symmetry subspaces together, we
have

ρosc(l )2 ∼ |A+
(m=0) + A−

(m=0) + A+
(m=1) + A−

(m=1)|2

∼ |1 + 1 + e−i2π/3 + ei2π/3|2|A±(l )|2 = |A±(l )|2.
Therefore, due to the partially destructive interference, the
height of the peak for the FDO shown in Fig. 7 when combin-
ing the two symmetry subspaces together is the same as that
for the single symmetry subspace m = 1, and is one-fourth of
that for m = 0. Only when combining all the three symmetry
subspaces,

ρosc(l )2 ∼ |A+
(m=0) + A−

(m=0) + A+
(m=1)

+ A−
(m=1) + A+

(m=−1) + A−
(m=−1)|2

∼ |1 + 1 + e−i2π/3 + ei2π/3

+ ei2π/3 + e−i2π/3|2|A±(l )|2
= 0,

the interference destructs completely, and the peaks disappear.
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